Abstract. Ahlfors' disc theorem for Riemann covering surfaces is extended to normally exhaustible Klein coverings.
. Due to the topological character of the ramification problem and of the method used, which is based on the Hurwitz formula and its generalizations [9] , in what follows we suppose X and Y endowed only with topological structure. Thus X and Y will be orientable or non-orientable surfaces (connected two-manifolds with countable basis) with or without border and T : X → Y an interior transformation in Stoilow's sense ( a continuous, open and light mapping) [13] , [9] . The borders of X and Y will be denoted by BX and BY respectively. Evidently, T (BX) ⊂ BY .
Let ϕ(z) = x + i|y| be the folding map, ϕ : C → C + = {z : y ≥ 0}. In a neighborhood of a point P ∈ X, the mapping T is topologically equivalent to a mapping w = ψ(z) in a neighborhood of z = 0 with k ∈ N − {0}, as follows:
By definition T takes at P the value p with multiplicity k and has at P the ramification order k − 1, k/2 − 1, (k − 1)/2 respectively.
We also recall some definitions of Stoilow's theory [13, Chaps. V and VI], which we directly extend from Riemann to Klein coverings.
The Klein covering (X, T, Y ) is total if for each infinite sequence of points P ν ∈ X which tends to the ideal boundary ∂X of X (i.e. has no accumulation point in X) its projection p ν = T (P ν ) tends to the ideal boundary ∂Y of Y . A Klein covering (X, T, Y ) is total iff T is proper. For any total Klein covering there exists a natural number n, called the number of sheets, such that T takes every value p ∈ Y , counting multiplicities, n times.
If ∆ is a region of Y and P a point in X with p = T (P ) ∈ ∆, then the component of T −1 (∆) which contains P is called the maximal region of ∆ with respect to P . A normal region is a relatively compact maximal region and its closure is a normal domain. For a region ∆ in X (resp. Y ) the boundary of ∆ with respect to X (resp. Y ) will be denoted by ∂∆ and its closure by ∆.
If X is a compact surface every Klein covering (X, T, Y ) is total, hence
A Klein covering (X, T, Y ) is called normally exhaustible iff there exists an exhaustion sequence of X by normal polyhedral regions
Evidently, it is possible to choose the regions D i so that ∂D i do not contain any ramification point of the covering and we shall suppose this condition fulfilled.
Total coverings are always normally exhaustible; in particular, for a compact surface X we take D i = X, i ∈ N. § 2. Remarks on normal exhaustibility. In all the rest of the paper (X, T, Y ) will be a normally exhaustible Klein covering, {D i } an exhaustion sequence as before and n i the number of sheets of D i over T (D i ). The covering (X, T, Y ) has n = lim n i ≤ ∞ sheets over T (X). A normally exhaustible covering is total iff n is finite.
Denote by r i the ramification order of the covering (
by µ i the number of its boundary components and by g i and g i its genus according as it is orientable or not. In order to uniformize the results we write g i = 2g i if D i is orientable. The notations c i , µ i , g i , and g i for T (D i ) will have similar meanings.
The Klein covering (D
because of the possible presence of borders or folds [9] . As r i ≥ 0, we deduce that
and from this inequality we derive a first series of results concerning n, the connectivity c of X and the connectivity c of T (X). 
with the special cases:
for X and T (X) orientable,
for X orientable and T (X) non-orientable, and (3) for X and T (X) nonorientable. The notations g and g (g and g ) will be used for the genus of X (resp. T (X)).
Proposition 2. (i) g ≤ g except for the case g = 0, g = 1; hence g ≤ g for X and T (X) orientable, g ≤ 2g for X orientable and T (X) non-orientable with exception of g = 0, g = 1, and g ≤ g for X and T (X) non-orientable.
(ii) If g and n are finite, then g
(iii) If g is finite but n = ∞, then g ≤ 2, more precisely g = 0 ⇒ g ≤ 1 and g = 1 ⇒ g ≤ 1.
(
All these results contain necessary conditions in order that (X, T, T (X)) be normally exhaustible. A similar discussion may be done by supposing r ≥ 1 and n i ≥ 2, since we are interested in totally ramified discs, but it would not bring essentially new aspects. § 3. Disc theorem for normally exhaustible Klein coverings without borders. Let (X, T, Y ) be a normally exhaustible Klein covering such that BX = BY = ∅ and {D i } i∈N a normal exhaustion sequence as before.
We suppose that there are h mutually disjoint, totally ramified discs
3.1. In order to simplify the notation we now drop the index i and designate by D one of the regions D i with i ≥ i 0 . The Hurwitz formula (1) becomes for (D, T |, T (D)):
Every region ∆ l will be totally covered with n k (≥ 2) sheets by normal regions δ k with δ k ⊂ D. Let ν be the number of these regions for all ∆ l , r k the ramification order of the covering (δ k , T |, ∆ l ), c k , g k or g k , and µ k the connectivity, the genus and the number of the boundary components of δ k . By applying again Hurwitz' formula [9] , this time for the total covering (δ k , T |, ∆ l ), we can write
As in [4] we use the inequality r ≥ ν k=1 r k and deduce
Since nh = ν k=1 n k ≥ 2ν and c k ≥ 1, it follows that
This inequality can be written for each D i , i ≥ i 0 , and implies the following general First Disc Theorem. Let (X, T, Y ) be a normally exhaustible unbordered Klein covering and {D i } a normal exhaustion sequence. The maximal number h of mutually disjoint totally ramified discs ∆ l , l = 1, . . . , h, ∆ l ⊂ T (X), satisfies the inequality
for i sufficiently large.
Combined with Proposition 1 inequality (I) implies different formulations of the disc theorem, where c, c and n refer to X, T (X) and the covering (X, T, T (X)).
Case of total coverings: n < ∞ (i) c = 0, i.e. X is a sphere; then T (X) = Y is a compact surface with c ≤ 1, the sphere or the projective plane. -c = 0, c = 0 ⇒ h ≤ 2 for n = 2, 3 and h ≤ 3 for n ≥ 4. -c = 0, c = 1 ⇒ h = 0 for n = 2, 3 and h ≤ 1 for n ≥ 4.
(ii) c = 1, i.e. X is C or the projective plane, hence c = 1 ⇒ h ≤ 1.
Case of effective normal exhaustibility: n = ∞ (i) c finite ⇒ c ≤ 2 and h ≤ 2(2 − c ). More precisely: c = 0 cannot arrive; c = 1, c = 1 ⇒ h ≤ 1 [12] 
In both cases: n < ∞ and n = ∞, in order to have h = ∞ it is necessary that c = ∞.
3.2.
As in §2, taking into account that µ i ≤ n i µ i , the inequality (I) leads to the Second Disc Theorem. Under the hypotheses of the First Disc Theorem,
for X and T (X) orientable surfaces and
for X an orientable and T (X) a non-orientable surface.
One obtains from (II), (II ) or (II ) and Proposition 2 three series of variants of the disc theorem. However, since they are similar we only present here the results for X and T (X) orientable:
Case of total coverings: n < ∞ (i) g = 0 ⇒ g = 0, h ≤ 2 for n = 2, 3 and h ≤ 3 for n ≥ 4.
(ii) g = 1 ⇒ either g = 0 and h ≤ 4, or g = 1 and h = 0. (iii) g = 2 ⇒ either g = 0 and h ≤ 6 if n = 2, h ≤ 5 if n = 3, 4, h ≤ 4 if n ≥ 5, or g = 1 and h ≤ 2 if n = 2, h ≤ 1 if n = 3, 4, h = 0 if n ≥ 5, or g = 2, n = 1, h = 0.
(iv) g finite ⇒ g ≤ 1 + (1/n)(g − 1) and h ≤ 4(1 − g ) + (4/n)(g − 1).
Case of effective normal exhaustibility: n = ∞ (i) g = 0 ⇒ g = 0 and h ≤ 3 [4] , [5] .
(ii) g finite ≥ 1 ⇒ either g = 0 and h ≤ 4, or g = 1 and h = 0. (iii) If g = ∞, the existence of a finite lim g i /n i = L implies g ≤ 1 + L and h ≤ 4(1 − g ) + 4L.
